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Abstract 

In this paper, we prove a weighted Sobolev inequality and a Hardy inequality on manifolds with 
nonnegative Ricci curvature satisfying an inverse doubling volume condition. It enables us to obtain 
rigidity results for Ricci flat manifolds. 

Introduction 

Since the eighties and particularly [BKNj . it is well known that Ricci flat manifolds with maximal 
volume growth enjoy nice rigidity properties. Indeed, if M", n > 4, is such a manifold, with curvature 
tensor R, there exists a constant e such that M is flat as soon as Jj^j \ R\"^^ dvol < e ; e depends on 
n and on a lower bound on the volume growth. Furthermore, in case the curvature only satisfies 
Jj^j\R\"^^ dvol < oo, it has faster-than-quadratic decay, that is R = 0{r~^~^)^ where To is the 
geodesic distance to any point o in M ; here, 6 is an explicit positive constant. These facts stem from 
a Sobolev inequality which is no longer true if the volume growth is not maximal. Now what happens 
in this case ? One result in this direction is the following theorem, by Jeff Cheeger and Gang Tian 
|CT| : a four-dimensional complete Ricci flat manifold with curvature in has quadratic curvature 
decay. Their proof is based on the Gauss-Bonnet-Chern formula and Cheeger-Gromov theory. 

Our aim is to present a different approach, relying on weighted Sobolev and Hardy inequalities. 
Unlike J. Cheeger and G. Tian, we still make an assumption on the volume growth, and this enables 
us to generalize the rigidity results which were previously known. Given a point o, we will consider 
weights involving the function po : t vfoTJ ' ""^^i^^e V{o, t) is the volume of the geodesic ball B{o, t) 
centered in o and of radius t. Our work leads to the following. 

Theorem 0.1 (Flatness criterion) Let M" , n> 4, be a connected complete Ricci-flat manifold. 
Assume there exists o in M , v > 1 and Co > such that 

V{o,ti) \ti 
Then there is a constant €i{n,Co,i^) such that M is flat as soon as 

sup(li?| rl) < ei(n, Co, u). 

M 

Ifv>2, there is also a constant e2(n,Co,v) such that M is flat as soon as 

R\~ Po{ro)dvol < €2{n, Co, v)- 

M 

As a result, in both cases, M is the normal bundle of a compact totally geodesic submanifold, which 
is (finitely) covered by a flat torus. 

Theorem 0.2 (Curvature decay) Let AI" , n > 4, be a connected complete Ricci-flat manifold. 
Assume there exists o in M , v > 2 and Co > such that 

Vt, > > 0, > Co ("^ 



V{o,ti)- "V^i 



and 



i 

J M 



\R\ 2 po(ro)dvol < +00. 
/. Furtherm 

curvature decay and thus has finite topological type. 



Then M has quadratic curvature decay. Furthermore, if v > 4^^-^, M has faster-than-quadratic 
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implies 

and follows from 



Vfe>t,>o, p^>afK) (1) 



V{o,ti) - " V^i, 
Vi? > 1, V{o, R) > CoV{o, 1)R'' (2) 



3Ao, Bo > 0, Vi? > 1, AoR" < V{o, R) < BoR" . (3) 

Note that Bishop theorem ensures u < n. This hypothesis yields the analytical tools we need. Indeed, 
we prove that on a complete connected manifold M", n > 3, with nonnegative Ricci curvature and 
satisfying JJl, the following weighted Sobolev inequality holds : 

VfeCT{M),([ \f\^ poiroy^dvol] " <S [ \df\^dvol. (4) 

\J M ) JM 

In other terms, the completion Hq{A4) of C^{M) for the norm IM-I1^2(j(,/ can be continuously 
injected into I/"-^ ( M, po{ro)~"^ vol) . Such a manifold also satisfies the Hardy inequality 



V/GCr(M), [ \.f\ro^dvol<H ( \df\dvol. (5) 



The constants S and H we find depend only on n, v and Co- Now, the curvature of a Ricci fiat 
manifold obeys a nonlinear elliptic equation. When used appropriately, the inequalities I^J and (O 
yield estimates on the solutions of this equation, and our theorems follow. In this article, we will 
give a few other applications of the weighted Sobolev inequality. 

The paper is organized as follows. 

In the first section, we develop a discretization technique aimed at patching local Sobolev in- 
equalities together. It is based upon ideas and methods of A. Grigor'yan and L. Saloff-Coste |GSC) . 
Given a convenient covering of a manifold, if we assume some discrete inequality on a graph which is 
naturally associated to the covering, we are able to deduce a global Sobolev inequality from a local 
one ftheorem ll.8ll . 

In the second section, we explain how to apply this abstract technique in the setting of manifolds 
with nonnegative Ricci curvature and satisfying Q, so as to obtain a weighted Sobolev inequality 
and a Hardy inequality. Note we could replace the nonnegativity of the Ricci curvature by two of 
its consequences : the doubling volume condition and the scaled Poincare inequality on balls. In 
[Gril] . G. Grillo proves weighted inequalities in the context of homogeneous spaces and indeed, in 
the case = n, the Hardy inequality follows from this work : nevertheless, it should be stressed 
that our approach is basically different and, in particular, does not require a uniform estimate on 
the volume of balls ; apart from the doubling volume condition and the scaled Poincare inequality 
(which are classical assumptions for such problems), the only measure theoretic assumption we need 
is the estimate which is some kind of inverse doubling volume condition around one point. An 
important step in our proof could be singled out : the following result gives a sufficient condition 
for a manifold to satisfies the so called RCA property (Relatively Connected Annuli) and should be 
compared with proposition 4.5 of pJK^ (which, in our context, would require the volume growth to 
satisfy a uniform euclidian estimate from below). 

Proposition 0.3 (RCA) Let M be a connected complete riemannian manifold, satisfying the dou- 
bling volume property 

\/x e M,y R> 0, V{x,2R) < CdV{x,R), 
the scaled Poincare inequality centered in some point o in M 

V/ G Cr'(M), Vi? > 0, / 1/ ~ fBio.R)^ dvol < CpR" ( \df\^dvol 

J B(o,R) J B(o,R) 

and the inverse doubling volume condition centered in o 

V[o,Ri) \Ri 

with V > p. Here, Co > 1, P > 1, Cp > 0, Co > 0. Then there exists kq > such that for R > 0, if 
X, y are two points in S{o, R), there is a path from x to y which remains inside B{o, R)\B{o, Kq^R) . 
Moreover, it is possible to find an explicit constant, in terms of p,Cd,Cp,Co,v ■ 
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M has only one end. A result from |LTj (with | And{ l implies that, for large R, the intersection of 
the only unbounded component of M\B{o, R) with any annulus A{R,R + r), r > 0, is connected. 
But it says nothing about the behaviour of the bounded components of M\B{o, R). What we proved 
is that, in a sense, these bounded components have at most linear growth. Moreover, we give an 
explicit estimate of this growth, which is important for our purpose. 

In the third section, we investigate the properties of Schrodinger operators A + V that can be 
deduced from our weighted Sobolev inequality. Here, A is the Bochner laplacian on some euclidian 
vector bundle and is a field of symmetric endomorphisms. In particular, we prove that integral 
assumptions on the potential ensure the kernel is trivial ftheorem l8.1|l . We obtain various technical 
estimates and also introduce a good space of sections tp such that the equation (A + V)a = tp has a 
bounded solution a l|3.10ll . This section can be seen as a toolbox. 

In the fourth and last section, we point out some applications. Let us denote by So{M) (resp. 
Ho{M)) the best constant S (resp. -ff) in ijlj lO. We define the "Sobolev-curvature" invariant 



5C(M") := inf 

o6A/ 



So{M) 



R\ "2 o 



dvol 



and the "Hardy-curvature" invariant 



HC{M") 



inf 



HoiM) 8up{\R\ri] 



with the convention O.oo = oo. First, we generalize the work of G. Carron |Carl) about 
cohomology and obtain in particular the 



Theorem 0.4 (L'^-cohomology) Let M" , n > 3, be a connected complete riemannian manifold 
such that SC{A1) is finite. Then the Betti numbers of M are finite. Moreover, Ti.]^2{M) — {0} 
and, for k > 2, there exists a positive universal constant e{n,k) such that if SC{M) < e{n,k), then 

hUm)^{o}. 

In case M has nonnegative Ricci curvature and satisfies this means Betti numbers are finite 
as soon as \R\^ r^'^dvol < cx) ; in |Car2j . G. Carron required Jj^j \R\^ dvol < oo. These are 
close assumptions, but, for instance, if the curvature decays quadratically (that is TLC{M) < oo, in 
this setting), ours is weaker. Our work also provides explicit bounds on the Betti numbers. Then 
we study Ricci fiat manifolds and prove the following rigidity theorems, which imply the results 
announced above. 



Theorem 0.5 (Flatness criterion) // A4" , n > A, is a connected complete Ricci- flat manifold, 
there are universal positive constants ei(w) and e2{n) such that ifSC{M) < ei(n) orTLC{M) < e2{n), 
then M is flat. 

Theorem 0.6 (Curvature decay) Let M", n > 4, be a connected complete Ricci- flat manifold. 
If SC{M) is finite, then M has quadratic curvature decay. If moreover there exists u > 4^^5y o.iT-'i 

Ao > such that V(o, R) > AoR'^ for large R, then the curvature decays like ro ""^ ; in 
particular, M has finite topological type. 

Finally, we give some examples where this rate of decay is the correct one. 

Acknowledgements. I would like to thank Gilles Carron for his remarks, suggestions, questions, 
and for his patience. 
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1.1 How to patch local Sobolev inequalities together. 

The aim of this paragraph is to explain how to patch local Sobolev inequalities so as to obtain a global 
one. In EIHS], A. Gri gor'yan and L. Saloff-Coste introduce a discretization procedure enabling them 
to handle Poincare inequalities. We generalize their ideas in two ways : we use integral inequalities 
for different measures and we consider general Sobolev-type inequalities. 

Here, M is a smooth riemannian manifold (Lipschitz would be sufficient), and we introduce two 
Borel measures A, /i on it. For us, it will be crucial to cope with both of them at the same time. Let 
us introduce the necessary vocabulary. 

Definition 1.1 Let A <Z he two subsets of M . A family U = {Ui,U* ,Uf)i^i consisting of subsets 
of M having finite measure with respect to X and fj, is said to be a good covering of A in A" if the 
following is true. 

(t) There is a Borel subset E of A with \(E) = fi{E) = 0, such that A\E ClJ^Ui C U, Uf C A"; 
(ii) Vi ei,u^cu* C Uf ; 

(Hi) There exists a constant Qi such that for each io G /, 

Card |i G I/U^ n [/I* / 0} < Qi; 

(iv) For every G satisfying Ui fl Uj 7^ 0, there is an element k{i,j) such that 

U.UUj C Uki^.jy, 

(v) There exists a constant Q2 such that for every G , if Ui (1 Uj 7^ 0, then 

KUki.,j)) < Q2min(A((70,A(t/,)) 

and 

IJ-{Uk(i,j)) < Q2 mm {ii{Ui),fi{Uj)). 

Given a Borel set U with finite and nonzero A-measure and a A-integrable function /, we will 
denote by fu,\ the mean value of / on (7 with respect to the measure A : 




One can associate to every good covering W a weighted graph {G,mx) : its set of vertices is 

V = 7 

and its set of edges is 

£ = {{ij}cV/iy^j,mnU]^iD}; 

V and £ are given measures, both of which will be denoted by mx, and they are defined by 

ViG V, m.x{i) = XiU^) 

and 

V(i,j) Gf, mx{i,j) =ma.x{mx{i),mx{j)). 

Remark 1.2 In what we call a graph, there is at most one edge between two given vertices. So, 
if there is an edge between two vertices i and j, we will call it (i,j). For us, a weighted graph will 
always consist of a cr-finite measure on the set of vertices V and of a a-finite measure on the set of 
edges £ , which we give the same name m and which are related by 

\/{i,j) G £, m{i,j) = max(m(i),m(j)). 

Now, we introduce three kinds of inequalities : the discrete estimates (the second and third) will 
enable us to patch the continuous ones (the first) together. 
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j-T^AiAAAtiA^AA • tj L^ui^^coc. ^j_L, y^^^ uiiiiUi ^ \ ■ I've uji,iiii ouy uiiiutj u ywfjLL t^wuf^i tit/y iyi ouiUbojiif^o Ui 

continuous U' Sobolev inequality of order k with respect to the pair of measures (A, fi) if there exist 
a constant Sc such that for every i & I , one has 

yfec^{u:),(^j^\f-fu^,x\^pdx^ ' <s.j^m^dii, 

and ^ 

yfeC^iU!), (^J^Jf-fu:,x\'^dX^ < J^Jdfl" d^i. 

Definition 1.4 Suppose k g]1,oo] and I < p < k. We will say that the weighted graph {Q,m) 
satisfies a discrete Sobolev- Dirichlet inequality of order k if there exists a constant Sd such that 
for every f G L^{V,m), one has 



Kiev I (ij)es 



Definition 1.5 Suppose k g]1, oo] and I < p < k. We will say that a finite weighted graph {Q,m) 
satisfies a discrete Soholev-N eumann inequality of order k if there exists a constant Sd such that 
for every f G K^, one has 

[Y\f{i)-m{f)\^pm{i)\ ' <Sd Y \fii)~fijrm{i,j). 

Remark 1.6 In this terminology, a U' Poincare inequality is nothing but a Sobolev inequality of 
infinite order. 

Remark 1.7 Of course, one can say that a good covering U satisfies a discrete Sobolev inequality, 
by considering the associated weighted graph {Q,m\). 

The following theorem is the crucial tool for us. 

Theorem 1.8 Suppose k g]1,C!o] and 1 < p < k. If a good covering U of A in satisfies the 
continuous L'' Sobolev inequality of order k | j.,'9)) and the discrete Sobolev- Dirichlet of order oo 
ll.4t , then the following Sobolev- Dirichlet inequality is true : 

WfeC^iA), j^{\f\^pd\)'^ <s jJdf\^d^^, 

with 

Remark 1.9 The case where X = jj., k = oo and p = 2 was proved by A. Grigor'yan and L. 
Saloff-Coste in f(7SC^ . 



Proof 

k—p 



We set q := and consider / G C^{A). Thanks to a little convexity, we can write 



2'"'E/ \f-M'dX + 2''-'Y \fu„x\'dX 
2'''E / l/-/t/.,ArdA + 2'-i^l^„,|n(t/0. 
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and remembering the assumptions on the covering, we find 

To estimate the second term, we use the discrete Sobolev inequality : 

For (i, j) £ f , a Holder inequality and the fact that we have a good covering lead to : 

\fu„x - M.x]" max(A(;70, A(t/,)) 
max{X{Ui),X{Uj)) 



I I 



(fix) - f{y))d\{x)dX{y) 



\{U^Y\{UiY 

^ Mul ^ I I \fix) - fivW d\{x)dXiy). 
Now, if X is a Borel set with finite and nonzero A-measure and if <? is a function in A), 

- x(X)LIx ^'"'(l^^'^)!' + \giy)ndX{x)dX{y) 

< 2" [ IgixW dX{x). 
J X 

Let us apply this to / - fui,^ , , on : 



I '=(>,j).A I 



\fu„x - /c/j,A|''max(A([/i), A(f/,)) < Q22'' [ 
Now, by the continuous Sobolev inequality, 

|/c/.,A -/£/„Armax(A(C/0,A(t/,)) < Q22''S^J'' ( / ^ \df\"dn 

Therefore : 



(ij)ee 

As q is greater or equal to p, 



iev 

By using twice the fact that we have a good covering, we see that : 



Eventually, we get : 

And this is what we wanted to prove, q.e.d. 

There is also a "Neumann" version of this result. 

Theorem 1.10 Suppose k oo] and I < p < k. If a finite good coveringU of A in satisfies the 
continuous U" Sobolev inequality of order k and the discrete U" Sobolev- Neumann inequality of 

order oo the following Sobolev- Neumann inequality is true : 

'ifeC°°[A),j^{\f^fA,x\^d\)'^<sjjdf\^ 

with 



d^i, 



Again, set q := and fix / G C^iA). First, note that 



Proof : 

if r, • — 

k—p 

I!/ - .fA,x\\LHA,X) ^ 2 inf 11/ - c||^,(^_;,) . 

Indeed, if c is a real number, 

\\f - fA,\\\Ll(A,\) < \\f ~ '^\\li(A,\) + \\'^- fA,\\\Ll{A,\) 

= \\f -c\\Ll(A,X) + \fA,\-c\\{A)^ 



— 11/ '^\\li{A,\) + 

By Holder inequality. 



(/ - c)dX 



XiA)- 



II/-/a,aL,(^,,) < ||/-c||^,,^,)+ (^^JZ-cI'dA^ A(A)i-iA(yl)i-^ 
= 2 11/ — c||^,j^^^j 



As this is true for each c e R, this proves the statement. 
In particular, for 



we can write 



c — mx{fu.,x) 

I A \f-fA,x\'d\ 
< 2" [ l/^cI'dA 



< Yl / l/^cj^dA 

< 2^'-^V/" \f~fu„x\''dX + 2''-'T[ \fu,,x-c\'dX 



We then estimate both terms as in the proof of theorem |l.8l : for the second, it is made possible 
by our choice of c. q.e.d. 

In fact, our argument leads to more general theorems. We will not use them but let us phrase 
the "Dirichlet" version. The reader will easily imagine the "Neumann" version. For instance, this 
kind of result could be used to patch local Sobolev and Poincare inequalities together. 
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satisfies the continuous U" Soholev- Neumann inequality of order k (with constant Sc), the discrete 
U Sobolev-Dirichlet inequality of order (with constant Sd), and the continuous U' Sobolev- 
Neumann inequality of order (with constant S'^), M satisfies the following Sobolev-Dirichlet 
inequality of order k : 

■ifecTiA), [ im" dxr^" < s [ m^df,, 

J A J At 



with 



p/g 



1.2 Sobolev and isoperimetric inequalities on graphs. 

Now, we know that discrete Sobolev inequalities on appropriate graphs make it possible to patch 
local Sobolev inequalities together. The problem is : how can we show such discrete inequalities ? 

Our first purpose here is to clarify the link between Sobolev inequalities of the same order on 
weighted graphs. We explain why, as in the continuous case, the inequality of order k (1 < k < oo) 
imply the inequalities for 1 < p < k. 

Proposition 1.12 We consider an infinite weighted graph (V,f,m) (see remark Yl . ?!\} . We assume 
there exists C > 1 and d G N such that 

V(i,j) G 8, C"^m(i) < m(j) < Cm{i) 

and the degree of each vertex is bounded by d. Then the Sobolev inequality of order k, 1 < k < oo, 

V/GL^(V,m), (^|/(i)|Am(i)) < 5 ^ - m(i, j). (6) 

Visv / (i,j)e£ 

imply the Sobolev inequality of order k for I < p < k : 



V/GL^(V,m), mW < S' \ ^ l/» - /OOr M', j) , (7) 

where S' = 2p^dSC^~p . 
Proof : 

Let / be an element ok with finite support. We apply © to |/|^ where 7 > 1 is a parameter 
that we will fix later : 

fc-i 

5]i/(i)i^m«) ' <s J2 ii/wr-i/(i)rim(i,j). 

If a, b are real numbers, the following is true 

liar - |bri < 7max(|a| , 161^-^ ||a| - < - fe| {\a[<-' + \b\'<-'). 

Consequently, 

By Holder inequality. 



/ \ i / \ 1- 



E \fU)\''''''^^'rn{i,j)\ 
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J2\f{t)\—m{ 
Kiev 

\H,j)e£ J Kiev 



1-^ 

J) 



y{i,j)e£ 

Set 7 pfr^ > 1 to conclude the proof, q.e.d. 

Now, let us explain why inequalities like lO stem from isoperimetric inequalities on the graph. 

Definition 1.13 Let (V,£) be a graph. We define the boundary dii of a subset Q, ofV as 
dQ ■- {{i,j) e 8, {i,j} n n / and {i,j} n (V\!:!) / 0} . 

Proposition 1.14 Let (V,f,m) be an infinite weighted graph and fix k g]1,co]. Then the isoperi- 
metric inequality of order k 

\/Q.CV withni[Q.) <oo,m{n)'^ <Im[dn). (8) 
is equivalent to the L^ Sobolev inequality of order k 

V/GL^(V,m), j < I \f{i)-fij)\Hhj)- 

Kiev ) {i,j)e£ 

Proof : 

By considering characteristic functions of subsets of V, one easily sees that the Sobolev inequality 
implies the isoperimetric inequality. To prove the converse, set q = -j^^ and let / be a function on 
V, with finite support. For every i G V, we write 

rf(i) roo 
f{i) = I dt= I lt<f^i)dt. 

Thus, 



Jo 



ll/ILnv.m) < / l|it</(.)IL,(v.m)^*= / Y. 

•^0 ' ' ■'0 \uev,m>t} J 

If the isoperimetric inequality is true, we find 

ll/IL,(v,n) < I / rnid{teV, f{i)>t})dt 
Jo 



^ I I Y m{i,j)dt 

{(i,j)e£, fU)<t<f(i)} 







+1 J2 m{i,j)dt 

° {(i,j)e£, f(i)<t<fU)) 

(i,j)ee 

q.e.d. 

This paragraph shows that if the graph obtained by discretization (as explained above) satisfies 
an isoperimetric inequality, it will satisfies a convenient Sobolev inequality, so that we will be able 
to implement our patching process. 

It is time to turn to geometry so as to obtain concrete inequalities. 
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negative Ricci curvature. 

Sobolev inequalities are a major tool of global analysis. Unfortunately, they are not always available. 
It is known that on manifolds with nonnegative Ricci curvature and maximal volume growth, they 
actually occur f jC^roj l. providing a lot of analytical, geometrical and topological information : see 
|BKN| . for instance. As soon as the volume growth is not maximal, the Sobolev inequality cannot be 
true. Our aim here is to show that, even if the volume growth is not maximal, a weighted Sobolev 
inequality still occurs. 



2.1 Geometric preliminaries. 

We would like to emphasize here some features of complete manifolds with nonnegative Ricci curva- 
ture. These are the typical manifolds where our discretization scheme applies. 

Recall that if a; is a point in M, we denote by V(a;, R) the volume of the ball B(a;, K) centered in 
X and with radius R. We will sometimes omit the center when it is some distinguished point o. We 
also introduce A{Rx,R2) — B{R2)\B{Rx) and V{Rx,R2) := vol i?2). 

First, the Bishop-Gromov comparison theorem says that, in manifolds with nonegative Ricci 
curvature, the volume growth of balls is "subeuclidian" in a very strong way. 

Theorem 2.1 (Bishop-Gromov) Let M be a complete riemannian manifold with nonnegative 
Ricci curvature. Then for every x in M , the function px defined for t > by 

IS a nondecreasing function. It implies that for < r < t, 

volB(x, r) \r J 

And a useful corollary is that for x,y G M and < r < t + d(x,y) : 

vol B{y,t) ^ vol B{x,t + d{x,y)) ^ /'t + d{x,y) 
vol B{x,r) ~ vol B{x,r) ~ \ r 

For a proof, see |Cha| . 

Note the following simple consequence. The argument of the proof will constantly be used in the 
sequel. 




Corollary 2.2 Let M" be a connected complete noncompact riemannian manifold with nonnegative 
Ricci curvature. Then for every k > 1, there exists a positive constant C{n,n) such that for any 
x £ M and R> 0, 

, ^ volBix .R)\Bix,R) ^ 
^ ' - vol B{x,R)\B{x,K-^R) 

Proof : 

To prove the lower bound, choose a point y on the sphere S{x, {k,+ 1)R/2) centered in x and of radius 
(k + 1)R/2 (such a point exists since M is assumed to be complete, noncompact and connected). 
Then the ball B := B{y, (k - l)R/2) is contained in B{x, kR)\B{x, R). Therefore 

vol{B{x,R)\B{x,K-^R)) ^ vol B{x,R) 



vol{B{x, itR)\B{x, R)) - vol B{y, (k - l)R/2) ' 
and l|lfl|l yields 

voI(B(a;, R)\B{x, ^-^R)) ^ [ R+ -^^^^ V _ Z' + ^ 



voI{B{x,kR)\B(x,R)) -\ / \k-1 

The upper bound is proved likewise, q.e.d. 



Moreover, starting from the comparison theorem, P. Buser |Bus| showed the following 
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vature, for any p in [l,oo[, every ball B{x,R) satisfies the Poincare inequality 



V/GC°°(B(x,i?)), / \f-fB(x,R)\''dvol<Cin,p)R^[ \df\^ dvol, (11) 




where fB{x.R) denotes the mean value of f on the ball B{x, R) , with respect to the riemannian measure 
vol. 

This result yields the fundamental inequalities we need. Besides, it will prove useful in the study 
of the geometry at infinity of manifolds with nonnegative Ricci curvature. 

Let us mention the Cheeger-Gromoll theorem f lCGI . lBes] !. which enlightens the structure of 
manifolds with nonnegative Ricci curvature : 

Theorem 2.4 (Cheeger-Gromoll) A connected complete riemannian manifold with nonnegative 
Ricci curvature is always the riemannian product of the euclidian space and a connected complete 
riemannian manifold with nonnegative Ricci curvature which possesses no line. 

Corollary 2.5 A connected complete noncompact riemannian manifold with nonnegative Ricci cur- 
vature possesses exactly one end, unless it is a riemannian product o/M and a compact manifold. 

Remark 2.6 In our setting, the volume growth of balls will forbid the particular case, which is 
therefore irrelevant here. 

In what follows, we will be working on annuli so that we are interested in their topology /geometry, 
and especially in their connectedness : it is an obvious necessary condition if we hope to show a 
Sobolev or Poincare inequality on them. In |And| , M. Anderson proved that the first Betti number 
of a connected complete riemannian manifold with nonnegative Ricci curvature is bounded by its 
dimension. Now, |LTj points out a consequence of the finiteness of the first Betti number : 

Proposition 2.7 Let M be a connected complete riemannian manifold with nonnegative Ricci cur- 
vature, finite first Betti number and exactly k ends. Let us fix a point o a M and consider balls and 
annuli centered in o. Then for large R and any r > 0, denoting by Mr the union of all unbounded 
connected components M\B{R), it is true that A(R, R+r)n Mr has exactly k connected components. 
In particular, if M has exactly one end, for large R and any r > 0, the annulus A(R, R + r) possesses 
one and only one component that can be connected to infinity inside M\B{R). 

Let us give an interpretation in terms of discretization. Consider a manifold M with nonnegative 
Ricci curvature, possessing one end, and fix a point in M. Let us choose R > and k > 0. 
We discretize M in the following manner. We associate a vertex to B{R) and to every connected 
component of the annuli A{ii^R, K'+^i?), i £ N. Let us decide that there is an edge between two given 
vertices if and only if the closures of the corresponding subsets of M intersect. Then the proposition 
above says that for large R this graph is a tree and its root is the vertex corresponding to B{R). 
Prom another point of view, it says, that even if R is small, outside a finite subset, the graph is a 
tree. 

Now, there is no reason why this tree should not have branches, and for technical reasons (see 
the proof of lemma [2.15l belowl. we would like to make them as small as possible. What we need is 
some kind of control on the size of bounded connected components of the complements of balls in the 
manifold. This is given by the following proposition, which we state with rather general assumptions. 

Proposition 2.8 (RCA) Let M be a connected complete riemannian manifold, satisfying the dou- 
bling volume property 



with V > p. Here, Cd > 1, P > 1, Cp > 0, Co > 0. Then there exists kq > such that for R > 0, if 
X, y are two points in S{o, R), there is a path from x to y which remains inside B{o, R)\B{o, Kq^R) . 
Moreover, it is possible to find an explicit constant, in terms of p,Cd,Cp,Co,v . 



yx€M,yR> 0, V{x,2R) < CdV{x,R), 
the scaled L^ Poincare inequality centered in some point o in M 




and the inverse doubling volume condition centered in o 
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In terms of the discretization we have introduced, this means that for large k, for every two 
vertices on the same level of the tree (i.e. corresponding to the same annulus), there exists a vertex 
of the previous level which is connected to both of them. 

Proof : 

Consider the graph obtained as above by working with Ai :— A{2^^^ R,2^R), i G N*, i? > 0, plus 
B{R) —: Ao- Set Bi — B{2^R). We define C as the bijective map which associates to every vertex of 
the graph the corresponding component of annulus. Let us write Ai for C~^{Ai) and Bi for C^^{Bi). 
Now, fix i G N*. We consider the nonempty set 

Ii = {i G [0,1], Ai is contained in a connected component of Bi\Bi-i} 

and set ii = max/;. Call A4i the connected component of Bt\Bi,~i which contains Ai. We assume 
I — ii is greater than 3 and think of it as a large number. 

By definition, Aii\Aii is not connected : we choose one of its connected component X{ and name 
y'l the union of the other connected components. We finally define X'l := C~^{Xl), Y/ :— C~^(3^;'), 
Xi := Xi\A,,+i, Y, := Zl" := X,'n^i,+i, ZY ~ Y,'nA,,+i and Z, ~ Zl" VJ ZY (see figure 

ETJ- 

Given real numbers a and b, we can define a Lipschitz function /; on Bi in the following way : 



fi 

The Poincare inequality says 



2'i R 



on Xi, 
on Yi, 
on Zf", 
on Zi , 

everywhere else. 



{fi)B,\''dvol < Cp2"'RP f Idfil" dvol. 

J B, 



(12) 



We choose a and h so that the mean value of /; on Xi U Y; is 

avolXi + fevolFi = 0. 

With a := 1, this means b = — vol y' • 
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B, vol t>i 

pYo\XiYo\Yi \b-a\^ 



> 2" 



vol B. 



volX,volF,(l + ^ 



vol Bi 
On the other hand, 



" ^%voizr^ 



2^1 R 



p 



So 



voizf +voizr(i|L^ 

2HVRP 



2-!^l^i:^l^ll;^Mr < c.2^(-'^'rvoizf+voizrf^v 

vol Bi \ \ vol Yi 

< Cp2^('-'')vol^, fl+^^V 



hence 



Now 



V voiy, 

l<2^Cp2^('-) "°!^'"°^,f' (13) 

vol A ; vol Yi 

volZ, < V(o,2*'+'j?). 

A lower bound on volX; can be obtained as in the proof of 12.211 . Choose a point xi in S{o, (2'~^ + 
2'"^)i?/2) n Xi et note that B{xi,2''''R) is contained in Xi : it lies in A{2'~^ R,2'^-^ R) and it is 
connected, so it lies in the connected component of its center xi in A{2'^~^ R,2'~^ R), hence in Xi. 
The doubling volume property implies 

Vs e M, yR2 >Ri>0, V{x,R2) < CD{R2/Rif°''^'^"V{x,Ri), 

so that 

_K(oXRL<r / 2' + (2'-^+2'-^)/2 y°^-^°_ 
\/(xi,2'-3^) ^^^1^ 2^^3 J -Coll 

and 

volX, > V{xi,2^-'^R) > CB'll~'°''"^"V(o,2'i?). 
As we have the same lower bound for volYj, l|13|l gives : 

I<2 6p6cl21 2 1/(0, 2'i?) ■ 

O enables us to write : 

1 < 2''CpC|,12l'°s^ Cn2-'c,2'-'-'''>'-''-'\ 

Since v > p, this inequality says that I — ii is bounded by some constant independent of I : the 
branches of the tree have a bounded length. H2.9|l stems from it easily, q.e.d. 



Corollary 2.9 Let M be a connected complete riemannian manifold with nonnegative Ricci curva- 
ture and assume there are o in M , Co > and v > 1 such that 

V{o,Ri) \Ri 

Then there exists kq = i<,o{n,v,Co) > such that for R> 0, if x,y are two points in S{o,R), there 
is a path from x to y which remains inside B{o, R)\B(o, R) . 
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annuli. 



We show here that Poincare or Sobolev inequalities on balls imply analogous inequalities on connected 
subsets of annuli. 

We first use Buser theorem Ullfl : 

Lemma 2.10 Let M" be a noncompact connected complete riemannian manifold with nonnegative 
Ricci curvature. Fix p>l,R>Q,K>l and consider a connected Borel subset A of the annulus 
B{o, kR)\B(o, R) , o € M. Then if we let Ag be the S R-neighbourhood of A, with < 5 < 1, the 
following Poincare inequality is true : 

WfeC°°{As), [ \f - fAl" dvol < C{n,n,S,p)R^ [ \df\^ dvol. 

J A J As 

Proof : 

Set s = SR and consider a s-lattice (xi)ig/ of A, i.e. a maximal subset of A such that the distance 
between any two of its elements is at least s. We then set Vi = B(xi, s), V* = V/ = B{xi, 3s). 

It is easy to see that (Vi, V*, V^)i^i is a good covering of A in Ag (cf. with respect to the 

riemannian measure. Indeed, for (iii), we can note that the V* under consideration are contained in 
B{xig,9s) and use llOII to get vo\{B{xig,9s)) < 30" vo\{B{xi, |)) ; since the balls B{xi, |) do not 
intersect, we see that Qi = 30" is convenient. In (iv), we can choose k{i,j) = i. As to (v), J^J yields 
yol{V*) < 3" vol(V;) and lO gives voliV *) < 5" vol(y;), so that we can set Q2 = 5". 

We intend to apply the theorem 11.101 with k — 00. First, Ullfl yields the continuous inequality, 
with constant C{n,p)s'^ . What about the discrete inequality ? 

Noticing the balls B{xi, f ) do not intersect and are contained in the ball B{o,kR+ |), we find 
that 

Card(/) min vol(B(a;i, s/2)) < vol(B(o, kR + s/2)), 
and with llOjl . this implies an upper bound on the number of balls in the covering 

Card(J) < + " = (1 + 4K/Sr =: iV = N{n, k, 5). 

The point is it is independent of R. 

Now, every finite connected graph endowed with the counting measure satisfies a Poincare in- 
equality : this stems from the fact that any two norms on a vector space of finite dimension are 
equivalent (the connectivity is necessary here to ensure that we indeed compare two norms). As 
there is only a finite number of such graphs which have at most A'' vertices, we conclude that every 
such graph satisfies a Poincare inequality for some constant P = P{N,p) (see below for an explicit 
constant). Since l|10|l implies 

VM-ev,^<(i + 2./5)", 

there is a number K — K{n, k, <5) > 1 such that 

K~^mo < m(j) < Kmo, 
where mo is proportionnal to the counting measure on our graph Q = {V,£). 



Then for every f eR^ 



i/p / \^ i/p 

m{i) 



< 2(ei/»-'"o(/)I'"^(* 

Viev 



i/p 



( E i/w - 



i/p 

mo{f)\^ mo{i) 



< 2PK^/^ ( E i/w-/o)rmo(i,i)^ 

< 2PK^'^ i E \f(i)-fU)Y'm{i,j)\ 
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the proof, thanks to 11.1011 . q.e.d. 

The same pattern gives an analogous Sobolev inequality. We first recall a theorem of L. Saloff- 
Coste f |S(;lj . |S(;2j l : in a complete riemannian manifold with nonnegative Ricci curvature, every 
smooth function / on a ball B{x, R) satisfies the Sobolev inequality 

?^ — 2 

f \f - fB(.,K)\'^ dvol] <C{n) / \df\'dvol, (14) 

Jb(xM) J V{x,R)-n jb{x.r) 

Note that this result follows in fact from lllll and J^J. We deduce the 

Lemma 2.11 Let M" be a noncompact connected complete riemannian manifold with nonnegative 
Ricci curvature and n > 3. Fix R > 0, k > I and consider a connected Borel subset A of the annulus 
B{o, K,R)\B(o, R) , o G A/. Then if we let As be the 6R-neighbourhood of A, with < 5 < 1, the 
following Sobolev inequality is true. 

\/feC°^{As),(^j^\f-fA\^dvol^ " <Cin,K,S)y^^^ \df\'dvol. 

Proof : 

We just explain how to adapt the previous argument, using the same notation. We set q — -^^2- 
We want to apply Hl.lOfl for p = 2 and k — n, with the same good covering. The discrete 

Poincare inequality we need is given by the previous proof. 
I|10|l gives for every i in 7 

V{o,R) ^ fl + f^ 



V{x„SR) - \ S 

hence V{xi,3s) > V{xi,s) > C{n, k, 5)V{o, R), so that the Saloff-Coste theorem 11411 yields a con- 
tinuous Sobolev-Neumann inequality for the pair of measures (vol, vol) : 

2 

yf€C°°{V*), (^J^lf-fvA'dvoiy <C{n,ii,5)R''V{o,R)'^/" J^Jdfl' dvol, (15) 

and 

V/gC°°(1^/), (^J \f - fv-Y dvol^" <C{n,K,5)R^V{o,R)-''^" j ^\dff dvol. (16) 

Hl.l()|l ends the proof, q.e.d. 

Let us make a little remark. In the arguments above, we claimed the existence of the constants 
P and S. Indeed, we can make them explicit, using the following proposition. 

Proposition 2.12 Consider a finite connected graph Q — (V,f) with Ny vertices, endowed with the 
counting measure. Fix p > 1. Then for every real function f on V, 



i/p 



and in particular, 



sup|/(i)-m(/)i<ivi-^/M Yl 



iev (i,j)e£ 



Proof : 

First, we can assume the graph is a tree : cutting off edges does not change the left-hand sides and 
makes the right-hand sides of the inequalities grow. Then, the graph has exactly — 1 edges. Now, 
to each edge e we associate a copy le of the segment [0, 1] ; the ends of Je (corresponding to and 
1) can be viewed as two vertices in the graph Q. We then build a space X by gluing all h, in the 
natural way, that is, we decide that the ends of segments corresponding to the same vertex in G 
give rise to one point in X. X is endowed with a natural topology and a natural Borel measure, 
steming from those of [0, 1]. Note that the complement X of the points where two segments are glued 
together even possesses a natural differential structure, and a riemannian metric. Given / G K^, we 
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and its values at the ends of segments are simply those of /. Let e be an edge of the graph, between 
the vertices i and j, that we identify (respectively) with and 1 in [0, 1]. The restriction of g on le 
can be identified with a function defined on [0, 1] by the formula 

5.W = /«+i(/0-)-/W)- 

Such a function g has a derivative g' which is defined outside the vertices and constant on the (image 
in X of the) interior of each le : g'^ = f(j) - f(i). We claim the following inequality is true 

llffL==(x)<(A^"-l)'''^''l|ff'IL.(x) (17) 

as soon as g is continuous on X, on X and vanishes somewhere. Let us prove it. We choose xo 
such that g{xo) — 0. Then, given a point x in the arcwise connected space X, we can find a unit 
speed path 7 from xq to x which runs along each segment at most once. We can write 

J-, 

and the Holder inequality implies 

\g{x)\ < length(7)^-^/^ (^J^ W]"^ < (iV„ - 1)^-^/'' Hs'lL^f^) ■ 

Now, we want to apply this to the function g G C°(X) which is obtained from a function / G 
with zero mean value. As g takes every value in the convex hull of the values of /, such a g vanishes 
at some point, so that g satisfies 11711 . Eventually, we observe 

= II/IIlo„{v) 

and 



\(i.i)s£ / 



and we are done, q.e.d. 



Remark 2.13 It is possible to give a discrete proof of this result. For instance, observing that for 
any real number c 

i/p / ^ i/p 

.IP 



('^|/(»)-m(/)r') <2('^|/(*) 



we can choose c so that f ^ c vanishes at some vertex. It is then easy to adapt the argument above, 
keeping it completely discrete. But the constant we find that way is twice the one in the proposition. 



2.3 The weighted Sobolev inequality. 

In this paragraph, M is a connected complete riemannian manifold, with dimension n > 3, non- 
negative Ricci curvature and satisfying Q for some point o. We want to prove a weighted Sobolev 
inequality on M, by applying the theorem l|1.8|l for p = 2 and k = n with a good covering that we 
design now. 



2.3.1 A good covering 

We fix some large k, so as to be sure that, for any R > 0, any two connected components of A{R, nR) 
are contained in one connected component of A{k~^ R, kR) : this is made possible by 12.911 . Recall 
K can be chosen so that it depends only on n, Co and f. We also choose a ray starting from o and 
call it 7. We will sometimes use the notation Ri :— n', i G Z. 

For every integer i, we denote by f/,'_a, < a < h'^ the connected components of A{Ri-i, Ri), 
(/j',0 being the one which intersects 7. As in the proofs of l2.ini and 12.111 llOII provides a bound 
h — h{n, k) < cx) on the various h'i, i al. 

A priori, this will not yield a good covering because some of the C/j' „ may be small compared to 
their neighbours, contradicting (v) in 

O This is the reason why we need to modify the covering 
slightly : we will glue every small component on the level i to a large one on the level i — 1. Let us 
explain what we mean precisely. 
We proceed in two steps. 
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every such Ui^a contains a point x on the sphere S{{Ri-i + Ri)/2) and thus a ball centered in 
X and with radius Ri-2, whose volume is comparable to V{Ri) (with linH . 

• Then we consider every (i, a) such that U- ^ f] A{Ri, Ri+i) is empty. There is b in [0, h'i_i] such 
that (7j' „ U U'i^-i,b is connected : we enlarge Ui-\fi by adding 17,' „ to it. 

After deleting the indices which are not used any more, this yields a covering {Ui^a) of M\ {o}, 
indexed by i G Z and a G [0, /i;], hi < h'^, with f/i,a C A{Ri-i, Ri+i) and vol?7i,a ~ V(iii). 

The following figure gives an example : on the left, different connected components of annuli 
A{Ri-i,Ri) ; in the center, the modified covering ; on the right, the associated graph. 




For i in Z and < a < hi, we furthermore let Ui^a be the union of all the Uj^b, j & < b < hj , 
whose closure intersects Ui^a- And likewise, let C/f^ be the union of all the C/j*6, j £ Z, < 6 < /ij, 
whose closure intersects U*^. 

Now, we introduce the measure 

_ 2 

dfip — p{r) "-^dvol, 
where r = Vo = d{o, .) and p(t) = po(t) is defined for f > by 

Bishop-Gromov theorem says it is a nondecreasing function and indeed, for < i?i < R2, 

i<4l4<fl^y; (18) 



p{Ri) - \Ri 

besides, p(0) — lo^^^ , where ujn denotes the volume of the unit sphere in R". 

It is easy to see that W — {Ui,Ui ,U^) is a good covering of M in M with respect to (/ip, vol) 
(v) is again a consequence of JTSJ. 

Let us prove the continuous and discrete Sobolev inequalities we need. 



2.3.2 The continuous Sobolev inequality. 

Lemma 2.14 For every i G Z and < a < hi, each smooth function f on ^ satisfies 
and 

with Sc = Sc{n, k) . 
Proof : 

Setq=^. For/GC°°(C/f,J, zGZ: 

/ \f - fu, ^,^.,1' d^^, < 2'inf/" \f - c]" d^i, 

< 2' / |/-/c/,„.voi|'dMp, 



fu,J"-^ dpp <Sc \df\^dvol 



fu* " dpp < Sc \df\ dvol 
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2/9 



< C(n,hi)K^^ I \df\^dvol 

< C{n,K) 



And such estimates with the pairs (U*a, Uf ,^) also hold for the same reason, q.e.d. 
2.3.3 The discrete Sobolev inequality. 

We consider the weighted graph (V, £, mp) associated to the good covering W of M in M, with respect 
to {j2p,vol) (to simplify the notation, we write nip instead of m^^). What about the structure of 
the graph ? Proposition 12.71 plus the fact that the geometry near o is quasi-euclidian, implies the 
associated graph, outside a finite subset, consists of two trunks, corresponding to neighbourhoods of 
o and of infinity ; moreover, thanks to the bound h{n, k) on the hi, the degrees of the vertices admit 
an upper bound in terms of n and k. 

The measure nip is defined as follows : for each i G Z and a G [0,hi], 



mp{i,a) — / p(r) "-^dvol, 

•'Ui,a 

so that we can estimate : 

vol(f/i,a)p(-Ri+i)"^ <mp{i,a) < vo\{Ui,a)p{Ri-i)~^ ; 
using HlOfl and CSJj this yields 

C(n,K)-V(i?Op(-RO~^ < mp{i,a) < C{n, n)V{R^)p{R,)-^ . (19) 

In particular, again with HlOfl and H18|l. this allows us to apply Dronosition ll.121 : we are left to show 
that an isoperimetric inequality Jsj actually occurs. 

Let SI be a finite subset of V. Set I := max{i € Z, 3 a G [0,hi], (i,a) £ fl}. First, we choose a 
convenient edge in dQ. 

• If (I, 0) belongs to Q, the edge e — {{I, 0),{l + 1, 0)) is in dQ. 

• Otherwise, we choose (l,b) in SI. Our choice of k ensures there is a sequence of edges staying 
on the levels I and I — 1 and which connects {l,b) to (1,0). Among these, there is necessarily 
an edge which connects a vertex in S7 to a vertex outside and we call it e : it belongs to 9S7. 

Then we can write 

mp(S7) EL-^EgLo mp{i,a) ' EgLo nip{i,a) 

mp{dn) - mp{e) - '-'(n, mp{l,0) " 



With (O, we find 



pm ^ ^^^^^^ ^ vmPiR^ 



"^''(^") ^ir^o v{Ri)piRi) 



V{R,) ( R^ 



V{Ri) \R. 



so that gives 



C(n, k)Co~^ 
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Then H1.12fl and Ijl.Mfl . with k = oo, lead to the 



Lemma 2.15 For any I < p < oo, there exists a constant Sd, depending on p, k, n, Co, v , such 
that for every real function f with finite support in V ; 



l^lfivrmpiv)]" <sJ \.f{v)-.fi^rm,{v, 
\vev J \(v.m)ee 



2.3.4 Conclusion. 

Theorem 2.16 (Weighted Sobolev inequality) Let M", n > 3, be a connected complete rie- 
mannian manifold with nonnegative Ricci curvature. Assume that there exists o € M , v > 2 and 
Co > such that 

V[p,Rx) \Ri 
Then M satisfies the weighted Sobolev inequality 

VfeC^{M),(f \f\^ poiror^dvol] " <S [ \df\^dvol. 

\J M J Jm 

Here, S can be chosen to depend only on n, Co, v . 
Proof : 

We just useOHniandinni q e.d. 

Remark 2.17 // one prefers polynomial weights, note \2.1^ imvlies there is a constant S such that 

1— — 

'ifeCT{M),{[ \f\^ ro~'^^^ dvol] " <S [ \df\^dvol, 



where ro_ is the function which is equal to 1 inside _B(o, 1) and to ro outside this ball (just use pH) ). 
Observe we cannot write ro instead of ro_, unless v = n. The obstruction to do this for the Sobolev 
inequality is that locally the weight would not fit : the corresponding inequality is false on M", hence 
on any riemannian manifold (use the family of functions max(l — ro/e, 0), e > 0^. Note also that S 
depends on n, Co, v and V(o, 1). 

Let us introduce some notation for the best constant in our inequality. 

Definition 2.18 Let M" be a connected complete riemannian manifold, n > 3. For every o £ M , 
we define the riemannian invariant 



So{M) ■- sup 



(/a/I/I""' P^l*"") '^-^dvoiy 



/ec~(M)\{o} /mI'^/I 
The same method gives the 

Theorem 2.19 Let AI" , n > 3, be a connected noncompact complete riemannian manifold with 
nonnegative Ricci curvature. Assume that there exists o G M , u > 1 and Co > such that 

Then if (i > — M satisfies the weighted Sobolev inequality 

\ffeC^{M),(^j^\f\^Po{ro)'^dvol] <Sf,l \df\' po{roYdvol, 
with S/s = Si3{n, Co, v, l3). 
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We wish to apply Ijl.SII to the measures poij'o) "^^ dvol and poij-o) dvol and the same good covering. 
Our choice of weights ensures the continuous Sobolev inequality, as in lfm|l : for i in Z, a G [0, 
and / in C°=((7*), fTTTl yields 

/ , . 2n n.fi~2 sl — 2/n 

[lu^ ^ \.f - /c/,,J "-^ po{ro) — dvolj 
< C{n, n)po{Ri)'^ Po{R^)i S^, \df\^dvol 

< C{n,K)po{R^)'^Po{Rr)ipoiR.f J^,^ \dff poirofdvol 
= C{n, J^,^ \dff po{rofdvol. 

As for the discrete inequality, we proceed as in the proof of 12.151 Essentially, using the same 
notations as in this proof, we obtain 

m(n) ^ ^, , ^ V{R,)p{R,)'^ 



— — < C(n,K) TTW^ 



fV{R^)Y~^ (R, 



\V{Ri)J \R, 



so that Q gives 



which is finite thanks to our assumption on /3. q.e.d. 
Remark 2.20 In particular, for (3 = 1, the inequality reads 

•ifeCT{M),{[ i/i A -I^d«oA " <s/" \df\'-!^dvol 

\Jm V{o,r) J J^j V[o,r) 

The picture is the following : the volume growth of balls is in general not euclidian (i.e. it does 
not behave like r" ) and therefore we cannot hope to find a nonweighted Sobolev inequality (cf. next 
paragraph) ; nevertheless, by radially modifying the riemannian measure so that it has euclidian 
growth, we manage to obtain a Sobolev inequality. 

2.3.5 What does a weighted Sobolev inequality implies on the volume growth 
of balls ? 

Proposition 2.21 Let M" , n > 3, be a connected noncompact complete riemannian manifold with 
nonnegative Ricci curvature. Assume that there exists o £ M , a> and S > such that 

n-2 

VfeCr{M),([ \f\^ ra'^dvol) " <S I \df\^dvol. 

\J M J Jm 

Then there is a constant Ao > such that 

Vi? > 1, V{o,R) > ^oiJ", 
where v is the real number defined by a = 2-^^5f- 
Proof : 

As usual, we set q = 2n/ (n — 2) > 2. Then we fix i? > 2 and < t < R/2 and consider the Lipschitz 
function 

/ := max(t- d(.,S(o,_R)),0)) : 

f = t on the sphere S{o,R), f = outside some i-neighbourhood of this sphere and, on this 
t-neighborhood, it decreases radially at unit speed. Thus 

I/I" r-"dvol > {t/2Y{R + ty^ vol(yl(i? - t/2, R + t/2) 

J M 

and 

\df\^dvol < vol{A{R-t,R + t). 

M 
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{t/2f[R + ty^"-'" Yo\{A[R - t/2, R + t/lf" < S vo\{A{R -t,R + t). 
For i e N*, we apply this to t = 2-'R. With Vi := vo\{A{R{l - 2-'),R{l + 2"')), 

R:^4-'-\{1 + 2-')R)-''°'^''V^^^^ < SV,. 
By induction, there is a constant C which does not depend on R such that for every i > 1 

vol(B(27?)) >Vi> (Ci?^-^'^/^)^^^"*'^''' (^n(4-^y'/^'' j v.- 

As a riemannian manifold is locally quasi-euclidian, for i — > oo, 

yi2/<ir > (^c'(i?)(2-"i?)") ^ 1. 

Eventually, 

vol(B(2i?)) > C^^R^^^ fliA-')^^^"^'. 

3=0 

And indeed, u = '^^^2/!^ same as a = 2-J^5f • q-e.d. 

2.4 The Hardy inequality. 

With ll.8l we can also patch local Poincare inequalities together. Working under the same assumptions 
as above, the global inequality we find is a Hardy inequality. 

Theorem 2.22 (Hardy inequality) Let M"' , n > 3, be a connected noncompact complete rieman- 
nian manifold with nonnegative Ricci curvature. Fix some p > 1. Assume that there exists o G M , 
V > p and Co > such that 

Then M satisfies the Hardy inequality 

WfeC^iM), f \f\^r~^dvol<H [ \df\^dvol, 

JM JM 

with a constant H depending only on n, Co, f, P- 
Proof : 

The proof consists in anplving 11.81 with fc = 00. We will use the same "good" covering U as in 
Daragraph l2.3.1l noticing it is also "good" for the pair of measures {r~^dvol,dvol). 

We need a continuous Poincare inequality. Indeed, as for 12. 141 if we choose i £ Z and a £ [0, /li], 
each smooth function / on [/'^ satisfies 

/ \f ^ fu- fj.A^ r^'^dvol = inf / \f — dvol 

< [ If-fu^^l^r'^dvol 

SO that, with lTTTTl 

/ \.f - fu^.Sr^''d^ol < C{n,^,)R;I^R^^^ [ \f - fu^J" r^'^dvol 
< C(n,K) ( \df\^ dvol. 

And the same argument works with the pairs {U*^a, Uf 

The discrete inequality required in ll.8l follows from the argument of 12. 151 : here, we estimate the 
discrete isoperimetric quotient by 
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W J.J.l\jJ.J. lO L»U L1.-L-HJ.CVJ. UJ 

OO 

3 = 

thanks to our assumption on the volume growth of balls, q.e.d. 

For convenience, we give a name to the best constant in the Hardy inequalities. 

Definition 2.23 Let M be a connected complete riemannian manifold. For o G A/ and To ■= d{o, .), 
we define the riemannian invariant 



Ho{M) ■- sup 



SM\f\ro^dvol 



/GC~(Ai-)\{0} Jj^,,\df\dvol 

3 Weighted Sobolev inequalities and Schrodinger opera- 
tors. 

In this section, we explain a few analytical consequences of the weighted Sobolev inequality. They 
will find geometric applications in the last section. We assume here that is a connected complete 
noncompact manifold such that for some point o in M and S > 0, the following weighted Sobolev 
inequality is true : 

\/f£CT(M), (^j^ \f\^ poiroy^dvo^j " <sj^ \dffdvol. 
As previously, we will often write p(r) for po(ro), but also 

_ 2 

dfip = p(r) dvol 

and 

2n 



n~ 2 

We consider a smooth euclidian vector bundle E — > M, endowed with a compatible connection 
V. We will always denote by (.) the pointwise scalar product on a euclidian vector bundle, by |.| 
the pointwise norm, by A = V*V the Bochner laplacian (or "rough laplacian"). Our interest lies in 
Schrodinger operators A + V, where is a continuous field of symmetric endomorphisms of E. We 
decompose V as = V+ — V_ , where V+ and V- are fields of positive symmetric endomorphisms of 
E. We describe here some consequences of the weighted Sobolev inequality on these operators. 



3.1 A vanishing theorem. 



The following theorem is a generalization of |(!!arlj . 

Theorem 3.1 (Vanishing theorem) Fix m > 1 and assume the potential V satisfies 

S (^j {V-l'i p(r)dvol^ " < e(m), 

where 

, , f i ifm>2, 



(2-^) ^fl<nl<2, 
Then every locally Lipschitz section a of E such that 

jcrj™ dvol = o{E?) 

A(R/2,R) 

and 

(Act + Vct, ct) < 

is identically zero. 

Remark 3.2 In this statement, the distribution (Act, ct) is defined by 

V<^ G Cr(M), < (Act,ct),<;/> / (Vct, V(<^CT))d«o/. 

Jm 
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We first treat the case m = 2. Let J? be a positive number. Let us choose a smooth function x 
which is 1 on B{R), on M\B{2R), takes its values in [0, 1] and satisfies \dx\ < 2/R. We apply the 
weighted Sobolev inequality to the Lipschitz function xl""! ('^^ omit the riemannian measure in the 
next formulas so as to make them easier to read) : 

2 

([ x'H'p{r)-^A' <S [ \d{\xa\)\' < S [ |V(xa)|% 

\JM J JM JM 

where we used the Kato inequality. Now, 

A(x<^) = xAo- + (Ax)o- - 2Vgradx^ 

and integration by parts gives 

/ lV(xc^)r = / (A(xct),X^t) 

J M J M 

= I x'(c^,Aa)+/ xAxkl^-i/ {d{x% d{\a\^)) 

JM JM ^ JM 

= [ x'icr, A<t)+ [ \dxfWf 

JM J M 

< - [ x\V-a,a) + ^ f \a\\ 

JM -O- J A(R,2R) 

The Holder inequality implies 

-/ x\V-a,cT) < [ x'W\p{r)-i\V-\p{r)i 

J M J M 

2 2_ 

Ny 

All in all, we find 

2 

(i-SiVv)(/ x^HV(r)-^)' / 

\J M / ^ JA(R,2R) 



and the assumption on the potential allows us to write 

41 

1 - SNv Ja(R,2R) 



(/.„,l'l'*'"*)'^T^^/. 



|2 
(T . 



Letting -R — > +oo, wc obtain a = 0. 

Now, we turn to the case m > 2. First note that the Kato inequality implies 

\a\ A \a\ = \d \a\\' + \a\' < \Va\' + ^A \a\' , 



2 , 1 A I |2 



and since 

(a,Aa) = |Va|" + ^A|a 
this means we always have the inequality 

|a|A|cr|<(cr,Aa) 

and in our setting 



So, if u := \a\ 



m/2 



\a\A\a\<{a,V-a)<\V-\\a\\ 



uAu = lo-r/^ A Icrr/^ 

= ^H-^HAM-|(|-i)iar-^|dH|^ 

< f kriv-i-^(f -i)kr-^idHr 
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For the case 1 < m < 2, we go back to the weighted Sobolev inequality, applied to the locally 
Lipschitz function X^e^^^i where Ue = \cr\^ + 6, e > : 

i(/^X'«-p(r)-^)' 
= \dx\' uT + |d(Mr/')f + 2 UuT^'dx, xdinT^')) 

< (1 + 1/6) |dx|^ < + (1 + 6) /m I I ' 

for any 6 > 0. Integration by parts yields 

J M ' ' 

= {x'd{u7"),d{uT'')) 



2x{u7^^dx,d{uT'''))+ x'<'''^{<^^) 

J M 

2 / iu7^'dx,xd{uT^'}) + ^ [ x'uT-' An. 



I M 

I 2 



So, if a > 0, 



/ x'|d(nr/^)r<(^-l + a) xM<l^f 
Jm I I m II 

+? /m xV-^An. + i / \dxf< 

and if moreover a < 2 — 2/m, 

I x'WuT'H" <{2---a)-^(^ I x'u7-'Au. + -( \dx\'< 
Jm ^ I m \2 Jm a Jm 



Thus 



where 



and 



2 

U [ x'u^pirr^)" <C{m,a,b) [ \dxf uT + D{m,a,b) [ xV-'A«, 
'-' \J M / Jm Jm 



C{m,a,b) = l + l/b+ 



D(rn, a, b) 



a{2-2/m- a) 

(1 + b)m 



2(2 -2/m -a)' 



We compute 



to ensure 



Therefore, 



U.AU. = A.) - 1^ - H^|^-|^-(-'^-)^ 



WeAwe < (a-, Act) < |V_| |ct 



2 



2 

if/ x'u^piry^Y <C{m,a,b) [ \dx\^ + D{m,a,b) j xV"' 
'J V^M / Jm Jm 



I |2 



and when e — » 0, 



j2 

^f/ x'kl'^pW-^y <C(m,a,6) / |dxl' + a, 6) / x'lV'-lkl 
^ \JM / Jm Jm 



S 

As previously, this implies 



' [ I ,rn,/2 , ^-^V < 1 ASC{m,a,b) f 

Jb(r) ) - l-SNvD{m,a,b) J a(r,2r)' 
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bV(m,a,b) mb l + o 

which, under our assumption on V , can always be achieved by choosing sufficiently small a and h. 
Letting R — > oo, we prove the claim, q.e.d. 



3.2 Some general decay estimates. 

Now what can we say if we only have 




I V-j 2 p{r)dvol < oo ? 



Adapting a technique developped in [BKNj . we can prove some decay estimates on the sections <j 
such that Act + Va < 0. We prove three general lemmas and we will see later 14.211 how to apply 
them in a geometric setting, where the potential depends on the section a. The idea is to implement 
a Nash-Moser iteration : this is the third lemma. But this lemma only works under a technical 
assumption on the potential, which can be ensured by the first lemma. Finally, the second lemma is 
a key to a "self-improvement" of the decay estimate we will find. 



Lemma 3.3 (Initiation) We assume the potential V satisfies 

\V-\"'^^ p{r)dvol < +00. 



IM 

and we consider a locally Lipschitz section a of E such that for some m > I 



I \ar dvol = oiR") 

Ja{R,2R) 



and 

(ct. Act + Va) < 0. 

Then for large R : 

M\B(2R) J " J A{R,2R) 

Proof : 

Proceeding as in the proof of the vanishing theorem, we find for u :— Ict]™^^ and x G C^{M) 

2 

([ X'n'pir)-^)" <c( [ xV|l/_|+/ \dxfnA, 

\J M J \J M JM J 

and, using Holder inequality, this yields : 

( x'Wpirr^y < C (f |V-ltp(r)y f / x'^VM"^ 

JM J VJsuppx / \J M 

2 2 



+ C f \dxfu 

J M 



Now we set R >> 1, R' > 2R and we choose x with support in A{R,2R'), with value 1 on 
[27?, i?'], satisfying \dx\ < -| on A{R,2R) and \dx\ < if/ on A{R',2R'). Thus 

xVp(r)-^y < C ([ IV-l'i pir)]" ( [ x'n'pir)-^ 

M J \J A(R,2R') J \J M 

J A{R,2R) -ft J A{R' ,2R') 

By assumption, the integral /jvf l^-l"'^^ is finite: we can make the quantity J^j^j^ j V_ |"''^ p(r) 
as small as we like, by choosing a large R, so that 

• 1^ r\( 'y\ n, — 1 \ / riP" ' 



U^piv) -2 < — / " + ™2 , 

A(2R,R') y J A{R,2R) ^ JA(R',2R') 
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if u^Piry^y < §f 

\Jm\B{2R) j J A 



2 

u . 



A(R,2R) 



q.e.d. 



Lemma 3.4 (Key to the self-improvement) We assume the potential V satisfies 

[ \V-\"''^ p{r)dvol< +00 

J M 

and we consider a locally Lipschitz section a of E belonging to U^{E, ^,p) for some m > q/2, such 
that 

((T,A(T + F(7) < 0. 

Then for large R : 



As a consequence, 



Jm\B(2R) J A(R,2R) 

[ \ardn, = 0{R-% 

Jm\b(r) 



for some a>0. 

Remark 3.5 The proof will show that a can be chosen so that it depends continuously on m. 
Proof : 

Set m' = 2m/ q. The preceding proof says that for large R, with the same truncature function x and 

\rn' 12 



(f xVp(r)-^V <C I \dx\'u 

\j M J JM 



we again use the Holder inequality 



/ MV(r-)"^ y ^^'( [ " ( I Wpir)-^') 

JA(2R,R') J \Jm J VJsuppdx / 

Now, 

/ \dxT' pir) < CR'" p{2R)yoIA{R,2R) < C 

J A{R,2R) 



\(R,2R) 

and also 



/ \dxrp{r)<C, 

JA(R',2R') 

SO that ^ 

( I kr p{r)-^\ ^ <c(l Wr p{r)-^\ 

\Ja(2R,R') J \Ja(R,2R)uA{R',2R') J 

Letting R' — » 00, we find the first part of the claim : 

/ Wrp{r)-^-<c[ |arp(r)-^. 

■J M\B(2R) JA(R,2R) 

Set I{R) = Jm\b(r) IcP p{r)~ "--^ . We proved that for large R, 

I{2R) < C{I{R) - I{2R)), 

i.e. 

Fix a large Ri and denote by Ur the integer such that 

loga R/Ri <kR< logj 2R/Ri. 
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hence the second statement, since < 1. q.e.d. 

Lemma 3.6 (Nash-Moser iteration) We assume the potential V satisfies, for some x > n/2, 



x-l \ -^-"/^ 

\V-\' p{r)^^^ dvol\ ^ O (^p{R)^ R-^'j 



i(R,2R) 

and we consider a locally Lipschitz section a in L"^{PI, p.p) for some m > 1, such that 

(cr, Act + Va) < 0. 
Then there is a constant C such that for large R, 

l/m 

o\<c{p{R)^R-^)^ [ i krd^ip] 

A(R,2K) 



sup \o\ < C {p{R)^ R-'^Y"" \ [ kr^Mp) 

V(R,2R) ^ ^ \J A{R/2.ZR/2) J 



Proof : 

Fix (3 > m. Again with the same technique, one sees that for x G C^{M), 

2 

([ x'Wl"^ piry^)" <cp [ x'\<yf\vA + c ( MxI'kl''- (20) 

\J M J J M J M 

In this proof, C denotes a constant which does not depend on /3. 

The Holder inequality implies that for real numbers t and s satisfying 

111-, 

X s t 

and 

we have the estimate 

P I x^Wf\V-\ 

J M 

VVsuppx / \J M / \J M J 

Note t 



The Young inequality, with II21II . yields for each e > a constant Cc such that 



Jm \jm 



supp X 

Consequently, for small e (regardless of we obtain in Il2n|l 



2 ± 

f/x'kl^PM~^V < Cp'ff \V-rpir)^)U [ x'Wfpir)-^) 



+ c I \dx\'Wf. 
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are equal to 1 on A{Ri,R2), are equal to outside A(R\ — 6,R2 + 5) and such that there differential 
is bounded by 2/5. Note that our assumption, thanks to IjlSII . implies 

\V-rp{r)^^] <Cp{Ri-S) — {Ri-5)- 

A(Ri-S,R2+S) 

With this in mind, our estimate gives 



\a\ 2 p(r)- 
A{Ri,R2) 



< CP' I / \V-rp{r)^ / H'piry-- 

I A{Ri-S,R2+6) ) J A{Ri-i,R2-\-&) 

+ Cp{R2 + S)^5-^ I \af p{ry^ 

J A{Ri-S,R2+d) 

< CP' p{Ri-S)^{Ri^S)-^ [ \afp{r)-^ 

J A(Ri-S,R2+S) 



+ cp{R2 + s)^s-^ wrp{ry 

J A(Ri-S,R2+S) 



< CP' p(R2)^2 5-^ [ |a|%(r)-^, 

J A(Ri-S,R2 + S) 

SO that, with respect to the measure pp, 

( t -2- -2\^^^ 

ll'^llL''<!/2(A(fli,fl2)) < (^C'/3 P(^?2)"-=^5 j lkllL,3(^(Bi-i,H2+5)) ■ (22) 



Given some large -R > 0, we set for every fc G N 

,2 



k 



Ri,k —R-Y, 5„ R2,k ■-2R + Y, ^i- 

1=1 i=l 

Iterating lO, we find 

\\'^\\Ll^k{A{R,2R)) — C'fe ll''"ll-L''0(A(fli_fc,il2,fc)) 

where the constant is estimated by 

Ck < l[(cplp{R)-^R^^A'''^^^' 



i=0 



< Ai?-^)^'^" ^'^^ (4(5/2)*) 



Since J2Zo ^ = 2^7 et E,=o < oo, we find 



lim Ck < C[p{R)^R- 

k *oo 



SO 

sup_ |a| = ^lim^|k||^^,,^(^ 2fl)) < C (^p(ii)^ i?"^) \W\\l^i^a{r/2,sr/2)) 



A{R,2R) 

q.e.d. 

Now, we carry on our study of general Schrodinger operators. We wish to point out a Gagliardo- 
Nirenberg type inequality, which will prove useful later. 
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Our purpose is to solve (A + V)a = t, with a convenient t, and to obtain bounded solutions. 
First, the weighted Sobolev inequality easily yields the 

Lemma 3.7 For s > there exists a constant C{n,s) such that 

Proof : 

^ = - 1 ^^'^ fix cr e C^{E). The weighted Sobolev inequality gives 



<T\r^ <[ |d(H'=)r=/ H'= A(H'=) < A; / H^'^-^AH 

J M I I J M J M 



\\\a\r^ 



the Kato inequality then implies 



and the Holder inequality yields 



^Vfl^. <k[ laf"-' \Aa\ = k [ \a\^\Aa\ 

J M J M 



S II lll,n-2s 

\J M J \J M 



SO that eventually 

which is indeed the claim, q.e.d. 

Now a Nash-Moser iteration yields a L°° estimate. 
Lemma 3.8 For every x > n/2 and t>l, there exists a constant C{n,x,t) such that 

I x-l 

i»'(£;,p(T-)»'/2-i-uoO 



Proof : 

As above, for every a in C^{E) and every A; > 1 

2/q 



M 



a\''Uiip) <kS \a\^''-'-\Aa\dvol. 

) J M 



Using the Holder inequality, we deduce: 



!■ \ 2/q / /. \ / r (2fc-l)x \ l-l/a: 

/ \<y\'"'d^ip] <kS( |AcT|"^p(r)^^75^dvon / |o-|^?^d/ip 
Jm } \Jm / \Jm 



Define the sequence {/3i) such that (5o =t and 



We obtain for every i £ N : 

where ^ 

AT^ = \'Ka\" p{r)''^ dvo? 

and 

^ 2a; 
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Thus 



Using 



we see that 



Writing 



2(C-1)' 



Pi J /3o + 



2(C-1) 



log (fl f3f'] = j2 jc' log c + E c"^ log |, 

\j=i / j=i j=i ^ 



we see that this expression has a limit when i — > oo. So 

00 



2(C-1) 



As 2{c-i) ~ 2x-n ^^'^ f^o ~ t, this is what we claimed, q.e.d. 
These facts lead to the 

Theorem 3.9 (Inversion of the Bochner laplacian) Choose an element s in [^^,%\ and a 
number x > ^. Let Q be an open set with smooth boundary. Then we can define a continuous 
operator 

A"' : L''{En,p(r)^^vol)nL''{En,p{r)^^vol) — >L°°{Ea) 

which is an inverse for the Bochner laplacian over fi, with Dirichlet boundary condition. More 
precisely, for a £ C^{En), we have the estimate 

MI^eJ^ <C{n,s,x)\\SAa\\^ _i ||SAa||^ 

Ls(Bfj,p{r) t,oi) L=:{£;Q,p{r) "/2-1 vol) 

Proof : 

The estimate is simply obtained by combining Ij3.7|l and 13.811 . Given ip in C^{En), the classical 
theory yields a smooth solution an to the equation AaR = tp on QCt B{R), with Dirichlet boundary 
condition. We extend it into a continuous function on by deciding it is zero outside B{R). The 
L°° -estimate (which is easily seen to hold for o-r, by looking at the proofs above) gives 

Ik«lli,~{i5n) ^ ll-S'V'H =-1 WSipW^'^" x-i 

L=(Bf2,p(r)"/2-l„o!) L^(Bri,p(r)"/2-l„oi) 

For every compact set K, there is an Rk such that the family (cthIk, R > Rk) is uniformly bounded 
in C°°{Ek) (by elliptic regularity), so that Ascoli yields a sequence converging in C°°{Ek). By a 
diagonal extraction, we find a sequence {cfr.) which converges to a in Cc{En). cr is easily seen to be 
a weak solution of Act = tp, it is therefore smooth and thus a strong solution. For every compact set 

< Cin,s,x)\\S^\\^ ^ WSi^W^ 

i=(Eri,p('-)"/2-i vol) L^(Bn.pM"/2-i„oi) 

hence a L°°-estimate on fi. We can thus define an operator A ^ on C^(Eq) which is continuous for 
the expected norms. We then extend it by continuity, q.e.d. 

By a perturbation technique, we deduce an analogous result for Schrodinger operators. 
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there exists a positive number rj{n, s, x, S) such that, given an open set with smooth boundary Q and 
a potential V satisfying 

Smax(||l^_|l ,\\V-\\ )<rj(n,s,x), 

there is a continuous operator 

(A + V)-^ : V{En,p[r)-^vol)nL''{En,p{r)'^^vol) — yL'^iEn). 
Proof : _ _ 

First, the previous analysis works for i/ A + V+ as well as for A. Then define 77(71, s, x) to be S 
divided by the norm of 

H-^ : V{En,p{r)^^^vol)r\V[En,p{r)^^^vol) — > L"°{En), 
so that, under our assumption, 

V- : L°^{En) — > (En, p{r)^^ vol) n L^En, p{r)^^ vol), 

is a continuous operator whose norm is strictly inferior to ri{n,s,x)/S and H~^V- is a continuous 
endomorphism of L°°{En), with norm strictly inferior to 1. The operator ld+H~^V- is then an 
automorphism of L°°{En)- So we can define the continuous operator {\A+H~^V-)~^ = (A + 

V)-\from U{En,p{r)^^vol)r\L''{En,p{r)'^^T^vol) to L°°(£n). q.e.d. 



4 Applications. 
4.1 L^-cohomology. 

Our study of Schrodinger operators gives geometric information as soon as the potential depends 
only on the curvature tensor. For instance, if the weighted Sobolev inequality is true, the vanishing 
theorem 13.111 forces the kernel of such "geometric operators" to be trivial, under integral assumptions 
on the curvature. We discuss here the case of the Hodge laplacian A = dd* + d*d. It is well known 
that this operator, when acting on fc-forms, admits the Weitzenbock decomposition 

a'' = a + 7^'°, 

where is a field of symmetric endomorphisms of the vector bundle of fc-exterior forms, depending 
only on the curvature. In particular, Tl} = Ric. Our results apply and we can obtain information 
on the (reduced) L^-cohomology Hl2{M). We refer to |Carl) for the definitions. The point is that 
7i^2(M) can be identified with the kernel of A'°, seen as an unbounded operator on fe-forms. 

We can indeed generalize G. Carron's results in Carl, . Before stating our theorem, we need to 
introduce the following decreasing function, derived from the Euler F function {q — 2n/ {n — 2)): 

2 J 



Theorem 4.1 (L^-cohomology) Let M" , n > 3, be a connected complete riemannian manifold 
with nonnegative Ricci curvature. Assume that there exists o £ M , u > 2 and Co > such that 

V(o,Ri) \Ri 



Then n\2{M) = {0}. Let k > 2 be an integer. 

• #||7^1||^„/2(^^(,^)„„() <oo, thendimHl2{M) < 00. 



. //So(M)||7^^:||^„/2(,„(,„)„„,) < 1, thennl2{M) = {0}. 



If for some integer No > S„(M) < 7^, then dimHUM) < No. 
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Ti.'l2 {M) is bounded by 

( ) max ( l,c||5'o(M)7^'i|^ x-i ||5'o(A^)7^* 11 .-i ). 

\k J \y II llL^(B,p„(r„)"/2-lt,oi) II llL={B,po{r„)^^72^i,oi)/ 

Corollary 4.2 Let M", n > 3, 6e a connected complete riemannian manifold with nonnegative Ricci 
curvature. Assume that there exists o G M , u > 2 and Co > such that 

and the Riemann curvature tensor satisfies 

(^j \R\^ po{ro)dvol^ <oo. 

Then the -cohomology of M is finite dimensional. 

We omit the proof, which consists in using the weighted Sobolev inequality Il2.1fi|l . in order to 
make the techniques of |Carl) work. The vanishing results stem from 18.1 1 of course. 



4.2 Ricci flat manifolds. 

4.2.1 Flatness criterions. 

We want to explain here why the weighted Sobolev and Hardy inequalities help understanding Ricci 
flat manifolds. In particular, they emphasize some rigidity properties of these manifolds, under 
volume growth assumptions. We will show that if their curvature is small, in some integral sense, 
then they are actually flat. 

The key tool is a property of the Weyl tensor Vl^ of a Ricci-flat manifold with dimension n > 4 : 
it obeys the nonlinear equation 

AW = W*W, 

where the right-hand side is a quadratic expression in the Weyl curvature jBesj . In particular, W is 
either identically zero, or vanishes only on a set of zero measure. So, outside a set of zero measure, 
|W| is smooth and satisfies the estimate 

\A\W\\<c{n)\W\\ 

where c(n) is a universal constant, depending only on the dimension n. 
For every fe > 1, 



A|Wr = fe|Wr"' A|M/| - fe(fc- 1)1^1'="' \d\Wf < kc(n) \W\ 



k + l 



It turns out that this inequality is still true for some fe < 1. This is made possible by the refined Kato 
inequality f [BKN] . [HOHl), which says that the Weyl tensor W of a Ricci-fiat n-manifold satisfies 
almost everywhere 

\d\Wf < livvFp. 

' " - n + 1 ' ' 
>Prom this, one can deduce that almost everywhere, 

A\wr <c{n)^\W\^+'' , 

with 

n — 3 

7 := 7- 

n — 1 

Indeed, note — and write 

AjVKP = j\W\''-^ A\W\+jil-j)\W\''-^\d\Wf 

= J\W\''-^ QAlVKl' + |d|VK||^j +7(l-7)|Vyr"^ldlW^ll^ 
= 7|W"r~^ {{W,AW) - \\/Wf) +7(2-7) \W\''-^ \d\Wf 

= c(n)7|Vy^+^ 



33 



AlVKl*^ = A(iM/p)' 

= l{\W\''y-^A{\W\'') - 1(1 - 1){\W\'')'-^ \d{\W[<)\' 

< K!W^r)'~'c(n)7|Wr+' 

= kc{n)\W\''+^ . 



Thus 



A1VK1'= < c{n)k\W 



(23) 



is true for any fc > 7. 



With this differential inequality in hand, we can prove flatness and curvature decay results. To 
express them, we need the 

Definition 4.3 The "Sobolev-curvature" invariant of a connected complete manifold is defined 
by 

So{M)( [ \R\9 po{ro)dvol 



SCiM) ■- inf 

where R is the Riemann curvature tensor. We also define a "Hardy -curvature" invariant 



HC(M) ■- inf 

oSM 

We use the convention O.oo = 00. 

Now, let us phrase one of our main results. 



Ho(Mysup{\R\rl] 

M 



Theorem 4.4 (Flatness criterion (1)) We consider a connected complete Ricci-flat manifold , 
with n > 4:. Assume SC{M) < Then M is flat. 

Proof : 

It is a consequence of the vanishing theorem l8.ll applied to the operator A — c(n) \ W\ and the section 
\W\, thanks to our weighted Sobolev inequality. Setting m = ^ in 13. Ill , we obtain W = 0, and as 
Ric = 0, M is flat, q.e.d. 



Remark 4.5 The "threshold" value 
by 



c(n) 



can definitely be improved : in general, it can be replaced 



if M satisfies £3), it can even be replaced to 



'i,u,i,uu, 7 — „ ■ . , . . The idea is to 

max(n — i,47;c(n; ? J J ^ max(iy — 2,47)0(71) 

use the Holder inequality and an upper bound on the volume growth, so as to estimate the suitable 



Corollary 4.6 Let M" , n > 4, be a connected complete Ricci-flat manifold. Assume there exists o 
in M , V > 2 and Co > such that 

V{o,Ri) \Ri 

Then there is a constant e(n, Co, v) such that M is flat as soon as 

iVKj^ Po{ro)dvol < e{n,Co,u). 



There is also a flatness criterion based on the Hardy inequality H2.22II . 

Theorem 4.7 (Flatness criterion (2)) We consider a connected complete Ricci-flat manifold M" , 
with n > 4. There is a constant e(n) such that if 

m{M) < e{n), 



then M is flat. 
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Choose o in M such that Ho{M)^ supj^,j{\W\r^) < e(n) (e(n) will be determined at the end of the 

proof) and set H = Ho{M), K — sup^^(jW^| r^). We consider, for large R, a smooth function x 

2 

which is equal to 1 on B{R), equal to on M\B{2R), has values in [0, 1] and satisfies |Vx| < j^- 

R 

We also work with a number > 5/4, which will be fixed later. The Hardy inequality says that 



x'\W\^'r-'<H [ |d(x'|W^l'')| 



The right hand side can be bounded via triangle and Cauchy-Schwarz inequalities : 

/ |d(x'iW^l'')| <2 / x\dx\\Wf'+2( f x' IWf r-A'^' ( [ x' \di\W\'')\\y^\ 

J M ' ' J M \J AI J \Jm ' ' / 

Set k' := k — 1/4. So as to perform integration by parts, we kill the r in the lattest integral : 



/ x'\d{\W\')\\ = {k/k'f [ x'Uim"')]' \W\'/\ < ik/k'fK'/^ [ x'\d{\wf )\ 
Jm ' ' Jm ' ' Jm ' 



Integration by parts and 12311 yield 



k' \^\ f f \ k' k' 



xd{\wr )\ j = i^jjd{x\wr)^\wr dx\ 

iwf \dx\'j +[jjd(x\wf)\j 

1/2 / /■ \ 1/2 



< 2 (^1^^ \Wf'' \dxf^ + x' \wf A \wf^ 
<2^ {Wf""' {dx^Y^ + k'^'^c{nf/^ {^j^ X^\W\^^'+'Y^ 



Thus 



Jm Jm 



:''^k/{Ak~i)(^j \wf' r-'Y' 1^1^^-^/^ jdx'^''^' 



+ AH(c{n)KY^^k/{Ak-lf'^ x^ \W\"' . 

J M 

We want to ensure AH{c{n)KY^'^k/{Ak — 1)^''^ is strictly less than 1. Indeed, this is equivalent to 
16H^ Kc{n)k^ — 4A: + 1 < ; this trinomial has two positive roots for H^K (and thus e(n)) small 
enough, and we can choose k to be half the sum of theses roots : k :— {8H^ Kc{n))~^ . Then we 
obtain 



{l-4H{c 



(n)A')i/2fc/(4fc- 1)1/2) f i^w\^k^-i 
J b(r:) 



(R) 

1/2 / /■ \ 1/2 



<mR-^ \Wf'' +32HK^/^k/{Ak-l)R~U \Wf''r-^] / \W 



2fc-l/2 

M \J M / \J M 

If we choose e(n) small enough (so that k is big enough), the integrals on the right hand side are 
finite (recall W has quadratic decay and the volume growth is at most euclidian) ; one can eventually 
take e{n) = 2(n+i)c(n) ■ Letting 7? — > oo, we find W = 0, and with Ric = 0, M is fiat, q.e.d. 

Corollary 4.8 Let M" , n > 4, be a connected complete Ricci-flat manifold. Assume there exists o 
in M , V > I and Co > such that 

V(o,Ri) \Ri 

Then there is a constant e{n,Co,v) such that AI is flat as soon as 

sup{\W\ rl) < tin, Co, f )- 

M 
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In the preceding paragraph, we have seen that when SC{M) is small, the curvature vanishes. Now 
using the decay lemmas of 13.21 we can show that if SC{M) is only finite, then the curvature decays 
at infinity. 

We first prove the 

Proposition 4.9 We consider a connected complete Ricci-flat manifold Ad" , n > 4 such that SC(M) 
is finite. Then for any point o in M , 

sup \W\ = o{R-'^). 

S{o,R) 

Before proving this, let us state a consequence of our work. 

Corollary 4.10 We consider a connected complete Ricci-flat manifold Af" with n > 4. Assume 
there exists o in M , v > 2 and Co > such that 

and the curvature satisfies 

I \W\^ po{ro)dvol < +00. 

J M 

Then 

sup \W\ = o{R-^). 

S(o,R) 

Remark 4.11 This should be compared with the result of JCTy / sup^^^^^j \W\ = 0{R~^) as soon 
as n = 4:, Ric = and W e . 

Remark 4.12 If we assume W behaves like r'" , the assumption 




\W\ 2 po{ro)dvol < +00 



is equivalent to a > 2 : the above result therefore turns an integral estimate into the pointwise 
estimate we can hope. The next theorem will point out an automatic improvement of the decay ; it 
is another rigidity phenomenon. 



Proof : 

As (A — c{n) \W\) \W\ < 0, we want to apply the lemma with the operator A — c{n) \W\. To do 

this, we set x = ng/4, so that in particular x — n/2 — and use lemma HOI with m = n/2, which 
implies that for large R : 



( \W\' p(r)^^T2h:dvol 

yl A{R,2R) 

< c(p{R)^- [ {wr'UpX 

\ Ja(R,2R) j 

= cpiR)^([ [wr^UpA ' 

\JA(R,2R) ) 

< Cp{R)^R'^ ( \W\"^''dvol 

Ja(R/2.R) 



a/2 



< Cp{R)^R'^ [ \W\"^^ p{r)dvol 

Ja{R/2,R) 



< Cp{R)^R^ 
We can use lemma IT?)! with m — n/2 : 



suplW^I"/^ < c(p{R)^R-^Y'^ [ \W\'^^^dpp 

S(R) ^ ' J A{R/2,bR/1) 

< CR-"" ( \Wr'^ p{r)dvol. 

J A(R/2.5R/2) 
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In general, such a quadratic curvature decay is not so meaningful : actually, any smooth connected 
noncompact manifold admits a metric with quadratic curvature decay CiLQ.j- Note however that 
a riemannian manifold with nonnegative Ricci curvature, maximal volume growth {f = n) and 
quadratic curvature decay has finite topological type |SS| . In case the volume growth is not maximal, 
such a strong topological consequence is not known. 

We would like to point out a consequence of the quadratic curvature decay. Applying one of the 
results of |LS| . it yields the 



Corollary 4.13 Let M", n > 4, be a connected complete Ricci-flat manifold. Assume there exists o 
in M , V > 2 and Co > such that 

MR, >R,>0, >CJ^ 



V{o,Ri)- "\Ri 
V{o,R) = o{K 

and the curvature satisfies 

\W\'i po(ro)dvol < +O0 



I M 

Then the integral of the Chern- Gauss-Bonnet form is an integer. 



Remark 4.14 Ifn — A, this means 

At / \W\^ dvol G Z. 
87!-^ Jm 

In particular, if Jj^^ d'vol < 8n^ , M is flat. 

Now, it is well known that manifolds with faster than quadratic curvature decay enjoy nice 
properties |Abr| . This motivates our quest for a better estimate on the curvature. The key is the 
refined Kato inequality. 



Theorem 4.15 (Curvature decay (1)) We consider a connected complete Ricci-flat manifold M" , 
n > 4, such that SC{M) is finite. Fix a point o in M and assume there exists v > 2 and Ao > 
such that 

\/R > 1, V{o,R) > AoR''. 

Then 



sup \W\ = 0{R''') 

S{o,R) 



for 6 = 2 and every b < - — = 



i^~2 _ (i^-2)(n-l) 



7 n — 3 



Proof : 

Set w — \W\'' and bo — sup l^b > / w — O (j^r^ /V{r)] ''j | . We know, from the previous proposition, 

that w = 0(r-2^) ; since V{r) < ujnr" (Bishop), this implies w = 0{V{r)-^"'^") = 0{[r^ /V{r)f"'^"), 
so that bo is a positive number. Suppose 6o < 1. We can choose 6i > 0, m > such that 



n n n 
m > -r-, ^ > 1—, ^ > 



6i(n-2) 6o(n-2) n-2' 
Since bi <ho, w ^ O {[r'^ /V (r)\^^\ so that for any 7? > 0, 



I hrd/ip < ClR^/ViR)]^"" p{R)-^V{R) 

J A(R,2R) 

= C[R^/V{R)\'''''^^ 

This implies 

\w\"^' dfip < +00. 



/ 

J M 



I M 

Recall that almost everywhere 

(A-7c(n)|W|)w<0. 
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overcome this, once again, we consider Me := y^lM^I'^ + e, e > 0. Direct computation yields almost 
everywhere 

ulAul = 711^"'' (IW^lAlVyi-^r'^MlWin +7(l-7)wr"''lW"l''lrflM/ll'' 

and, using the refined Kato inequality as in the proof of Ij23|l . we find (everywhere) 

uJAuJ < -fuj''{W,AW). 

As in the proof of by making e go to zero, we are able to obtain the first inequality in the proof 

of lemma lOl fm > -^). Eventually, 

J M\B{R) 

for some a > which is independent of the choice of m in a neighbourhood of j)^|-^„2) • Now, applying 
the lemmaEm (again, one must adapt the proof because w is not locally Lipschitz), with this m, we 
find for large R : 



supw < C [p{R)~R-'] R- 

= C {R^IV{R)\ ^^^<^ i?-"/™ 

where we again used the euclidian upper bound on the volume growth of balls. When m goes to 
boin-2) ' exponent tends to bo + : if we choose m sufficiently close to ^^^(J^_2) ! '"^e obtain 

a contradiction to the definition of bo- So 6o > 1 and, with the lower bound on the volume growth, 
we are done, q.e.d. 

Corollary 4.16 We consider a connected complete Ricci-flat manifold M" with n > 4. Assume 
there exists o in M , u > 2 and Co > such that 

and the curvature satisfies 

/ \W\^ po{ro)dvol < +<x. 

J M 

Then 



£ L rt J L ^ 1^ — 2 (l/ — 2)(n — 1) 

for b = 2 and every b < — — — -^^ - 



S{o,R) 

7 n — 3 



sup \W\ = 0{R~'') 



Let us point out the topological consequence we were expecting. 

Corollary 4.17 (Finite topology) A connected complete Ricci-flat manifold M", n > 4, for which 
there exists a point o, v > 4^^^ and Co > such that 

and whose curvature satisfies 

\W\'i po{ro)dvol < +00. 



I M 

is homeomorphic to the interior of a compact manifold with boundary. More precisely, there is a 
connected open subset U of M which has compact closure, smooth boundary and such that M\U is 
a connected manifold with boundary which is diffeomorphic to N x R+ for some closed connected 
n — 1-manifold N. Furthermore, if V{o,R) x i?" with 4^^^ < u < n, we know that N either has 
trivial tangent bundle or infinite fundamental group ; in case 2 '^"Zi < v < n (faster than quartic 
curvature decay and strictly subeuclidian volume growth), N always has infinite fundamental group. 
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The theorem implies M has faster than quadratic curvature decay so that [Abrj . jnPZj apply, q.e.d. 



One can wonder whether the limiting decay exponent is indeed attained. Actually, this is the 



Theorem 4.18 (Curvature decay (2)) We consider a connected complete Ricci-flat manifold M'^ , 
n > 4, such that SC{M) is finite. Fix a point o in M and assume there exists v > 4^^5y "■''^d, Ao > 
such that 

\fR > 1, V{o,R) > AoR". 

Then 

( (.^-2)(n-l) ' 

sup IM^l = r ^^^5 — 

S(o,R) V 

Proof : 

In |Gur| . Gursky introduced the following operator : 

n — 2 

+ 4(n - 1) " '^Is • 

It turns out that this operator is conformally invariant in the following sense : if is a smooth 
positive function, 

L 4 =0-^L3(0.). (24) 

" ^ g 

We intend to use this property to find in the conformal class of g a new metric g such that outside 
a compact set 

is = Ag, 

i.e. 

■n — 2 

■Scalg - -ic{n)\W\~ =0. 



4(n 

4 

We seek g in the form of ^ = (1 g, where g is our Ricci-fiat metric and m is a smooth function 

to determine. Applying H24|l to the constant function 1, we find 

Lr,{\)^L 4 (l) = (l + ^t)-^L,(l + u), 

■ 0, 

" " ^ Scalr, - 7c(n) i VKL = (1 + u)"^ (A^u - 7c(n) \W\M\ + u). 



4(n - 1 
We thus have to solve 

C^,u^^c{n)\W\^u = ^c(n)\W\^. (25) 

Let us solve it on M\Bg{o, R), with large R (let us assume Sg{o,R) is smooth, this not a problem). 
We would like to use the inversion theorem l8. 101 with Ag — 7c(n) \ W\g. The assumption u > 4^|5f 
ensures > 2 : theorem 14. 15l savs that \ W\ — 0{r~^) for some 6 > 2. In particular, using Bishop's 
upper bound on the volume growth, one sees that for small 5 > 0, 

I |pi[/p/2-5p(r) „/2-l dvol < OO. 
J M 

Choosing R sufficiently large, we ensure 

So{M) f lWl"''^*V(r)""/2-i'di;o/ < 7j{n/2,n/2~5,n/2 + 5). 

J M\Bg(o.R) 

So 13.101 vields a bounded solution u of 12511 on M\Bg{o, R), and by enlarging R if necessary, we 
can assume < 1. Extending u to the whole M in a convenient way, we obtain a metric g 

which is conformally quasi-isometric to g and such that its Gursky operator and its laplacian coincide 
outside some ball. Note that the Holder elliptic regularity implies u is (since the coefficients of 
the equation are Lipschitz) and this is what we need. 

Next we observe that, as soon as \Wg\^ is positive, is smooth and 

Lg mi = A, [Wg^g - 7c(n) IW-I^ |W^g|] < 0, 
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L-,iii+u)-'\w,r,)<o, 

which means 

A,{{i+u)-'\w,r^)<o, 

outside a compact set. 

Now, since {M,g) is quasi-isometric to {M,g), it satisfies the doubling volume property as well as 
the scaled Poincare inequality. These properties are equivalent to the following two-sided gaussian 
estimate on the heat kernel .) : for every x,y in M, for every t > 0, 

c ( Cd(x,yf\ ^ , . ^ C ( cd(x,yf 

■exp '-lJLL\ <pt(x,y)< — ^exp' 



V{x,Vt) V t y - - V v[x,^t) 

(see |S(;2j . |Grig| ). As for large R, Vg{o,R) > AoR'^ , v > 2, this in turn implies the existence of a 
positive Green function G(., .), which is simply Pt{-, ■)dt) |LY| . Using this formula and the upper 
bound on the heat kernel, we see that : 

G{o,x)^0{ro{xf~n 

when ro{x) goes to infinity. The maximum principle implies that for every point x G M\Bg{o,R), 

(l + u) Wgr{x)< : — ^ '-G{o,x). 

s mms(o,R) G{o, .) 

We deduce ^_ 

W = O(r^). 

q.e.d. 

Corollary 4.19 We consider a connected complete Ricci-flat manifold M" , with n > 4. Assume 
there exists o G A/, ly > 4^^|5y and Co > such that 



/ \W\'^ poiro)dvol < +00. 

J M 

(i^-2)(n-l) 

sup 1^1 = 0{r ) 

S(o,R) 



and the curvature satisfies 



Then 



Remark 4.20 When u = n — A, we obtain the same decay as IBK. 

Example 4.21 The Taub- NUT metric is a riemannian metric onR* introduced by Stephen Hawking 
in JHau^ (see \LeM for a mathematical point of view). This is a Hyperkahler hence Ricci-flat metric 
with curvature decaying like r~'^ and volume growth like r^ . In this example, our theorem predicts 
the exact decay of the curvature. 

Example 4.22 Let us give another example, inspired from the famous Schwarzschild metric. We 
consider x n > 4, endowed with the metric 

g = dT^ + F{rfdt^ + G{rfda^. 

r , t are polar coordinates on the factor, da^ is the standard metric on S"~'^, F and G are smooth 
functions. Using the symmetries of this metric (see fBe.H^ . fPet^ ). it is easy to obtain formulas for the 
curvature. And one sees that g has vanishing Ricci tensor if and only if for some positive parameter 
7, G satisfies 

' G'ir) = ^1 
G(0) = 7 
G'(0) = 

and 

27 



F{r) = 



n-3V VG 
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particular, g is C° -close to the flat metric on R""^ x S'^ at infinity (the radius of the circles at infinity 
are proportionnal to 'y) and the distance to a fixed point in this manifold behaves like the coordinate 
r at infinity. Eventually, this provides on x §"~^, n > 4, a complete riemannian metric which 
is Ricci flat, has volume growing like r"~^ and curvature decreasing like r~^"~^^. This is what our 
theorem predicted. 
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